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ABSTRACT. Let χ be a Dirichlet character. Define Θχ to be the supremum of the real parts
of the zeros of the corresponding Dirichlet L-function L(s, χ). We demonstrate in this note that
Θχ < 1 for all χ. A particular corollary of our result would be an improved error bound for the
Prime Number Theorem for arithmetic progressions.
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Introduction. Prime numbers have fascinated mathematicians since the ancient Greeks, and
Euclid provided the first proof of their infinitude. Central to this subject is some innocent-looking
infinite series known as the Riemann zeta function. This is is a function of the complex variable s,
defined in the half-plane ℜ(s) > 1 by ζ(s) :=∑∞n=1 n−s and in the whole complex plane by analytic
continuation. Euler noticed that the above series can be expressed as a product
∏
p(1 − p−s)−1
over the entire set of primes, which entails that ζ(s) 6= 0 for ℜ(s) > 1. It can be shown that
ζ(s) extends to C as a meromorphic function with only a simple pole at s = 1, with residue 1,
and satisfies the functional equation ξ(s) = ξ(1 − s), where ξ(z) = 1
2
z(z − 1)pi−z/2Γ(1
2
z)ζ(z) and
Γ(w) =
∫∞
0
e−xxw−1dx. From the aforementioned functional equation and the relationship between
Γ and the sine function, it can be easily noticed that ∀n ∈ N one has ζ(−2n) = 0, hence the nega-
tive even integers are referred to as the trivial zeros of ζ in the literature. The remaining ones are
all complex-valued, each having its real part on [0, 1]. In 1896, whilst working independently and
1
almost simultaneously, Hadmard and de la Vallee Poussin sharpened the above interval to (0, 1).
However, until now, it was still an open problem whether there exists some sequence of zeros whose
real parts converge to 1. It is interesting that ζ(s) can be generalised to what are called Dirichlet
L-functions, and most of the known analytic properties of ζ also hold for most Ls [3, Ch. 10− 12].
Let q ∈ N. A Dirichlet character χ modulo q is a function χ : Z 7→ C such that
(i) χ(mn) = χ(m)χ(n) for all m,n ∈ Z;
(ii) χ(n) has period q;
(iii) χ(n) = 0 whenever (n, q) = 1; and
(iv) χ(1) = 1.
An example of χ is the function χ0(n) := 1 and 0 otherwise. This produces a character for every
modulus q, known as the principal character modulo q. For each χ mod q, we know that:
(i) |χ(n)| = 1 for every n coprime to q.
(ii) If χ1 and χ2 are two characters to modulus q, then so is χ1χ2 where χ1χ2(n) := χ1(n)χ2(n).
(iii) There are exactly φ(q) different characters to modulus q, φ being the Euler totient function.
(iv) If n ≡ 1 (mod q) then there exists at least one character χ modulo q for which χ(n) = 1.
One then defines L(s, χ) =
∑∞
n=1 χ(n)n
−s for ℜ(s) > 1, which is analytically continuable to
ℜ(s) > 0 except at s = 1 if χ = χ0, where there is a simple pole with residue φ(q)/q. By
Theorem 11.3 of [3], we know that there exists an absolute constant c > 0 such that the region
Rq = {s = σ + it, σ, t ∈ R : σ > 1 − clog(4+q|t|)} contains no zero of L(s, χ) unless possibly if χ is a
quadratic character, in which case L(s, χ) has at most one, necessarily real, zero β < 1 in Rq. Such
a zero is known as the Landau-Siegel zero, and is extensively discussed in [1]. Denote by Θχ the
supremum of the real parts of the zeros of L(s, χ) and let pi(x; a, q) denote the number of primes not
exceeding x that are congruent to a modulo q, where (a, q) = 1. By the Prime Number Theorem
for arithmetic progressions [3, Corollary 11.20], we have pi(x; a, q) − Li(x)
φ(q)
≪ xe−C
√
log x for some
absolute constant C > 0, where Li(x) :=
∫ x
2
dt
log t
. It can be shown that pi(x; a, q) − Li(x)
φ(q)
≪ xΘχ+δ
for every δ > 0 (easy extension of Corollary 13.8 of [3]). We demonstrate in the next section that
Θχ < 1 for every χ, thus improve the above bound for pi(x; a, q)− Li(x)φ(q) .
2
Main results
Denote by µ(n) the Mobius function, which is equal to (−1)k if n > 0 is a squarefree integer
composed of k primes, and 0 otherwise. Let χ be a Dirichlet character modulo q and Θχ ∈ [12 , 1]
be the supremum of the real parts of the zeros of the corresponding Dirichlet L-function L(s, χ).
Define M(x, χ) :=
∑
n≤x χ(n)µ(n). Denote by ζ the Riemann zeta function, let Θζ be its analogue
of Θχ and χ0 be the principal character. By (4.22) of [3], note that Θζ = Θχ0 .
THEOREM 1. One has Θχ < 1 for every χ.
PROOF. Let i =
√−1 and T ∈ R. Define α(s, χ) = 1
L(s,χ)
and note that
α(s, χ) = s
∫ ∞
1
M(x, χ)x−s−1dx (1)
for ℜ(s) = σ > Θχ. By Plancherel’s identity [3, Theorem 5.4], we have
pi
∫ ∞
0
|M(x, χ)|2x−2σ−1dx =
∫ ∞
0
∣∣∣α(σ + it, χ)
(σ + it)
∣∣∣2dt (2)
for σ > Θχ. Consider χ 6= χ0. Note that the integral f(σ, χ) =
∫∞
0
|M(x, χ)|2x−2σ−1dx diverges
whenever σ < Θχ. Indeed, suppose θχ < Θχ is the infimum of those σ for which f(σ, χ) <∞. Then
the function g(σ, χ) =
∫∞
0
∣∣∣α(σ+it,χ)(σ+it)
∣∣∣2dt must have a holomorphic continuation at every σ ∈ (θχ,Θχ),
which is incompatible with our definition of Θχ. Since α(1 + iT, χ)≪ log(T + 4) for T ≥ 1log q and
L(s, χ) 6= 0 whenever σ = 1 [3, Theorem 11.4], note that g(σ, χ) is analytic at σ = 1 thus f(σ, χ)
has an analytic continuation at σ = 1. Hence by Landau’s Theorem for integrals [3, Theorem 15.1]
we deduce that Θχ 6= 1 for χ 6= χ0 and the desired result follows for χ 6= χ0. For α(s) = 1/ζ(s), the
same argument holds so that Θζ < 1, since
1
ζ(1+iT )
≪ log(T + 4) for T ≥ 7
8
and ζ(s) 6= 0 on σ = 1
[3, p.174]. Recall that Θζ = Θχ0, thus our proof is complete. 
COROLLARY 1. Denote by pi(x; a, q) the number of primes ≤ x that are congruent to a mod
q, where (a, q) = 1. There exists some fixed εχ > 0 such that pi(x; a, q) − Li(x)φ(q) ≪ x1−εχ, where
Li(x) :=
∫ x
2
dt
log t
and φ denotes the Euler totient function.
PROOF. Since pi(x; a, q)− Li(x)
φ(q)
≪ xΘχ+δ for every δ > 0 (easy extension of Corollary 13.8 of [3]),
the desired result follows by Theorem 1. 
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